ON THE EXISTENCE OF BOUNDARY VALUES
OF A CLASS OF BEPPO LEVI FUNCTIONS

BY
HANS WALLIN

1. Introduction. Let f be a function which is defined and continuous in the
interior U of the unit-sphere in the m-dimensional Euclidean space R™ and has
partial derivatives of the first order a.e. in U so that

1.1 flgradf(P)'z(l—-lPl)“dP< o, 0Za<l,
U

where IPI is the distance from the origin to a point P in R™. Beurling [1, p. 5]
has proved that if f is harmonic in U and m =2 and « =0 then f has finite
radial limits except when approaching a certain exceptional set on the boundary
of U having logarithmic capacity zero. After that Deny [5, p. 175] proved, for a
general m and o =0, that if fis a continuous Beppo Levi function then f has
finite radial limits except on an exceptional set having capacity zero with respect
to the kernel r~™~?, For m =2, Carleson [4, p. 48] proved a corresponding
theorem for a general o and an exceptional set having capacity zero with respect
to the kernel r™“. Using techniques from [6] and [10] and a method different
from that of Carleson we shall generalize to higher dimensions his theorem with
a general o and with f absolutely continuous in the same way as a Beppo Levi
function but for a half-space R} bounded by a hyperplane instead of for the
sphere (Theorem 1). Let P = (X,y) = (X;,X,**»Xm—1,y) be a point in R% and
y >0 the distance from P to the boundary of RY which we identify with the
(m—1)-dimensional Euclidean space R™~! with points X = (X;,X3,**,Xp—1)-
Then the analogue of (1.1) is the condition

(1.2) ” |grad (X, y)|*y*dXdy < 0, O0<a<l,

Q

for every bounded domain Q in R% .

Using a familiar method we prove in Theorem 2 a converse of Theorem 1
showing that Theorem 1 is best possible as to the size of the exceptional set. If
fis harmonic, we can strengthen the result of Theorem 1 by proving the existence
of nontangential limits (Theorem 3).
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Let for X,eR™™ !, V(X,,B,h), where B,h >0, be the truncated cone
{X. || X = Xo| <By, 0<y<h}

and consider the ‘‘generalized area integral’’

2
(1.3) U | grad/(X. »)|* dXdy, O0<a<l.

ym 1—-a
V(Xo,8,h)

Stein [9, Theorem 1] has proved that if f is harmonic in R} and (1.3) is finite
for « =1 for every X, belonging to a given measurable set E, Ec R™™ ' —
where § and h may depend on X,—then f has nontangential limits a.e. on E.
There is a close connection between the integrals (1.2) and (1.3) (compare Spen-
cer [8], Calderon [3] and Stein [9] for the case a« = 1). This connection and the
Theorems 1, 2 and 3 immediately give the following partial analogue of Stein’s
theorem when a < 1 (see Theorem 4): Let 0 < « < 1. If fis defined and continuous
in R and absolutely continuous in the usual way and if, for some fixed § and
h, the integral (1.3) is a function of X, which is locally summable in R"~*, then f
has finite normal limits except on a set having capacity zero with respect to the
kernel r~™~2*®_ Like Theorem 1 this is best possible as to the size of the ex-
ceptional set and if f is harmonic we can assert the existence of nontangential
limits.

In §7 we briefly discuss generalizations of the above to the case when we in
(1.2) replace y* by a more general weight function {p(y)}~'.

2. Preliminaries. Let R’, m = 2, denote the upper half-space of R™. We
identify R,,_ ; with the (m — 1)-dimensional hyperplane which is the boundary of R}
in the Euclidean space R™. We denote by a capital letter X, X = (X, s Xpm—1)>
a point in R™™! and by

= (X’y) = (xl’xZ"",xm—b.V)’ XGRM-I, —0<y< oo

a point in R™. Thus R™ is the set of points P = (X,y), X€R™ !, with
y>0.|P| and | X| denote distances in R™ and R™"', respectively.
We write integrals over sets E, « R™ and E, = R™ 'as

jn,(')dP or ff(')dXdy andLZ(')dX-
E;

If no sets E; and E, are indicated, the integrals are taken over the whole spaces
R™ and R™! respectively.

By an m-dimensional sphere we mean the set of points Pe R™ satisfying
|P—P,| <r for some PoeR™ and some r>0. V(X,,B,h) is the truncated
cone defined in the introduction.

K, the kernel, will be a function defined in the interval r > 0 which is finite,



512 HANS WALLIN [December

continuous, nonincreasing and non-negative. If y is a positive measure in R",
i.e. a completely additive, positive set function, we define the K-potential of
W, uk, by

Wi(Q) = f K(Q - Pdu(P), QeR™,

and the energy integral Iy(1) by

I = f f K(|P = Q|)du(P)du(Q).

If u is absolutely continuous with density g, du(x) = g(x)d(x), we also write
u% instead of u’k. The support of a measure y is denoted by S,,. The K-capacity
of a Borel set E, C(E), is defined as

Cy(E) = {inflx(")}— ',

where the infimum is taken over the class of all positive measures v with
S, E and total mass WE)=1. For K(r)=r"7, 0<y<m, we also speak
about the y-capacity and use the notations u},1(u) and C(E), respectively.

The y-dimensional measure, 0 <y <m, of a set E, L(E), is defined as

inf X r?
v

where the infimum is taken over all denumerable coverings of E by families of
m-dimensional spheres with radii {r,}.

Co(E) is, as usual, to be interpreted as the logarithmic capacity, i.e. the ca-
pacity with respect to the kernel —logr, and analogously for Lo(E). This case,
which corresponds to m =2, a =0 in the Theorems 1-4 below, sometimes re-
quires simple modifications of the proofs, modifications which we omit.

In the proof of Theorem 1 we need the following lemma:

LEMMA 1. Let K be a kernel and O an open set in R™. Suppose that g;,
i=1,2, are functions having the property that, for every &> 0, there exists
a Borel set E, E < O, with Cyx(E) <& so that the restrictions of g, and g, to
O — E both are defined at every point of O — E and continuous. Suppose also
that g,(P) = g,(P) for a.e. P in O and that the subset of O where g,(P) = g,(P)
is a Borel set. Then g,(P) = g,(P) on O except on a subset of K-capacity zero.

When writing g,(P) = g,(P) we of course assume that g, and g, are defined
at P. This lemma was proved in [10, p. 72] for the case when O = R™. The case
with a general O is proved analogously. Notice that there may exist a set of
K-capacity zero where g; is not defined, i = 1,2.

3. A general boundary value theorem. A function is said to be absolutely
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continuous on a line or a half-line if the restriction of the function to an arbitrary
compact interval of the line or the half-line is absolutely continuous.

THEOREM 1. Let the real function f be defined and continuous in R’y and
assume that f is an absolutely continuous function of x; on almost every line in

T parallel to the xiaxis for i=1,2,---,m—1, and that f is an absolutely
continuous function of y in R for almost every X in R™"™'. Let 0<a<1
and assume that(*)

3.1 f f | grad f(X, y)|*y*dXdy <
Q

for every bounded domain Q in RY.Thenlim,_,f(X,y) exists and is finite for
all X in R™ except when X belongs to a certain Borel set E with C,,_ ;. (E) = 0.

REMARKS. It will appear from the proof that the condition that f be continuous
in R} may be changed to the condition that f be continuous in R} except
on a Borel set having (m — 2 + «)-capacity zero. Furthermore, it is enough
to make assumptions on f in a set {(X, y)|0< y <h} where h>0 is a fixed
constant.

Proof of Theorem 1. First we observe that it is enough to consider the case
when f has a compact support. This is a consequence of the fact that it suffices
to prove that f has boundary values in the way asserted inside every m-dimensional
sphere S with center in R™™ " and that we may therefore replace f by f, =f- ¢
where ¢ has a compact support, is infinitely differentiable and identically equal
to 1 inside S. Then f, has a compact support and is absolutely continuous on
every line where f is absolutely continuous and, finally, (3.1) is satisfied with f
replaced by f, which is a consequence of the estimate

| gradfo|* < const.(f2 + | gradf]?)
and the fact that f2 is locally summable in R% . That £ is locally summable in
R7T is realized by representing f(X,y) as the integral of its partial derivative
with respect to y almost everywhere in R} and using Schwarz’s inequality on
the integral to introduce the integral (3.1).
Hence we assume that f has a compact support. We extend f to all the points
(X, y) with y <0 by the definition
f(xay) =f(X’_y)9 y<0'

Then we get the condition

(3.2 f f |gradf(X,»)|*|y|[*dXdy < .
RmM

(1) Note that the conditions on f imply that the partial derivatives of the first order of f
exist a.e. in R7 and are measurable.
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This and Schwarz’s inequality give, as a <1,
(3.3) f f | gradf(X, y)|dXdy < .

According to the assumptions f is a.c. (absolutely continuous) on almost every
line parallel to the x;-axis, i = 1,2,---,m—1. But fis also a.c. on a.e. line parallel
to the y-axis which is realized in this way: f is clearly a.c. on a line / parallel to
the y-axis if f'is a.c. on every compact subinterval of I " R7 and [ is determined
by points with a value of X such that

fb PED | 4y < o
0

for a given b > 0, which, according to (3.3), is true for a.e. X.

From (3.3) and the facts about the absolute continuity, we conclude [cf. 7,
p. 315] that £, considered as a distribution, belongs to the class BL,(Lj,.) of distri-
butions having partial derivatives of the first order which are locally integrable
functions.

As f has a compact support and belongs to BL,(L..,) we get the following
representation formulas of f [cf. for instance 10, p. 71], if we, to get more con-
cise formulas, for a moment introduce a symmetrical notation by putting the
mth coordinate y = x,,, i.e. P = (X,y) = (X155 Xpn-1,Xn) and

"(X’sy) (xla : ’xr,n—19xr,n)$
(3.4) ey =m £ [ Zip-ppm Laer
’ ! 0x; i
ae., if m=3, M, constant, and
(3.5) f(P) = M2 f 1og|P' P| —f(P)dP

a.e., if m=2, M, constant.
Let v be the function which is defined and coincides with the right member
of (3.4) [(3.5) if m = 2] at all the points where this right member is well-defined.
We need the following lemma:

LEMMA 2. Let v be the function defined above. For every ¢ >0 there exists
an open set Q, with C,,_,,,(Q,) < € such that the restriction of v to the comple-
ment of Q, is defined, finite and continuous everywhere in the complement of Q,.

By means of Lemma 2, which is proved below, it is now easy to complete the
proof of Theorem 1. From Lemma 2 and Lemma 1 used with O = R} and
K(@r) =r~™~2*® we obtain that the equality (3.4) [(3.5) if m = 2] is true, not-
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only a.e., but everywhere in R} except on a subset N having (m —2 4+ a)-
capacity zero. Now we use the fact that the (m — 2 + «)-capacity of a Borel set
in R is larger than or equal to the (m — 2 + a)-capacity of its orthogonal pro-
jection on R™ . As pointed out by Brelot [2, p. 330] this follows easily when
a =0 from the fact that, for compact sets F, {C,,_,(F)}"! equals the transfinite
diameter of F. However, even for a general kernel K, {Cx(F)} ! equals the
transfinite diameter of F which corresponds to the kernel K and so Brelot’s
result follows also for more general kernels K, in particular for K(r) = r ~™~2%%,
This gives, if Q,, ¢ > 0, is the set in Lemma 2 and (Q, U N), is the orthogonal
projection of Q, UN on R™" !,

(3.6 Cr-2+4(Q;UN))) = Cpo24(Q UN) = Cua44(Q) <.

If XoeR™ ' —(Q,U N), and [, is the line through (X,,0) parallel to the y-axis,
then the equality (3.4) [(3.5) if m =2] is consequently valid everywhere on
Io N R and the restriction of v to I, is finite and continuous. Thus lim,_, , (X, y)
exists and is finite. As ¢ can be chosen arbitrarily small this and (3.6) show that
f has finite normal limits except on a set having (m — 2 + a)-capacity zero.

It remains to prove Lemma 2. To do this we need another lemma:

LEMMA 3. Let g be a measurable, non-negative function defined in R™
such that

(X)) fflg(X,y)lzlyl“dXdy<w, 0sa<l.
Let G,,a >0, be the set of points P’ where the potential
g(P)
P =
m 1( ) flP, P|”’" dP
is larger than a. Then

(3.8 Ca-22uGO S const a2 [ [ |sX )|y [ dxdy,

where the constant only depends on o and m.

Proof of Lemma 3. We shall prove that (3.8) is satisfied with G, replaced
by a set G, where G, = G,N (RT UR™ "), The fact that (3.8) is satisfied with
G, replaced by G, — G, also, is proved completely analogously by means of
which the lemma then follows.

Let u be a positive measure of total mass 1 supported by G,. If P=(X,y)
and A,(2) = [[ |&(X,y)|*|y|*dXdy, this gives by means of Schwarz’s in-
equality,
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@t < ( [uhes®raue)) s aio)- [ [ 13wt o axay

— A(g)- f f du(P)du(P") f f FTF =P

Since P’ and P’ in the last integral can be considered as points in RT UR™ !,
we realize by means of Lemma 4 which is stated below, that

1
N "P” — le_ldXdy.

a2 < const. Aa(g) . Im—2+a(”)9

where the constant depends only on « and m. By taking the infimum over all
we obtain that (3.8) is true with G, replaced by G, which gives the lemma.

LEMMA 4. Let P=(X,y),P’,P"eRTUR™ 'andletm+a>2,05a<1.
Then

ff dXdy < const —1———
|y|a|P'_p|m—1.|P”_.p|m—1 = ’|p'_P”|m—2+a’

where the constant only depends on o and m.

Lemma 4 was proved in a little different form by Carleson [4, p. 50] for the
case m =2. The general case can be proved analogously. See also the proof
of Lemma 4’ in §7.

Proof of Lemma 2. We shall prove Lemma 2 by a method which has been
used by Deny [6, p. 369] to show a lemma of the same kind.

We first observe that Lemma 3 shows that the integrals in the formula (3.4)
[(3.5) if m = 2] are absolutely convergent and consequently v well-defined except
on a set of (m — 2 + a)-capacity zero. In fact, if we use Lemma 3 with g defined

by
m a |
(39 s(P) = X |- /(P)|

in the symmetric notation where P = (X,y) = (X1, **sXpn-1,Xm)> then (3.7) is
satisfied due to (3.2) and so u_, is finite except on a set of (m — 2 + a)-capacity
zero. But as a consequence of (3.9) a straightforward estimate shows that the
integrals in (3.4) [(3.5) if m = 2] are absolutely convergent at those points where
uf _, is finite.

Now let f;,, i=1,2,---,m; n=1,2,.--, be continuous functions in R™ with
compact supports and put, in the symmetric notation where y = x,,,

(3.10) &aP) = X

i=1

f;n(P) _a—‘f"‘f(P) s n=12,-.
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We choose the functions f;, such that

61 [[la@Plyaxdy <4, P=Xy), n=12-

It is easy to see that such a choice is possible as f satisfies (3.2). We define the
continuous functions v, in R", n=1,2,---, by

v (P)=M, i)=:1 f 5§:|P' — P|*""f,(P)aP

for m > 2 and analogously for m =2 [cf. the formulas (3.4) and (3.5)]. Dis-
regarding the set of (m — 2 + a)-capacity zero where v is not well-defined we get

| /(P") = v,(P")| < const. uf~ (P’),

where g, is defined by the formula (3.10) and where the constant only depends
on m and on the constants M, and M, in (3.4) and (3.5). Let

e, = {P'|uin (P)>27"?}.
Due to (3.11) we then obtain from Lemma 3 used with g =g,,
Cu—2+4(€,) < const.-27",

If we put E, =|J;>;e,, E, is open and
]
Crn-z+dE) £ X Cpozii(e,) < const.-27%,
n=k

i.e. Cpo244(E)—0 when k— oo. But v, tends to v uniformly on the comple-
ment of E, for every k =1,2,-.-, and so the restriction of v to the complement
of E, is continuous for every k, which proves Lemma 2.

The proof of Theorem 1 is thus complete.

4. A converse of Theorem 1. Theorem 1 is best possible in the following sense:
THEOREM 2. Let F be a compact set in R™™ ! with
Cr-2+4F) =0, where 0Za<1.
Then there exists a function f defined and infinitely differentiable in R” satis-
fying
4.1) f fk . |eradf(X,y)|*y*dXdy < o,

and

4.2 f(X,y)> + o when (X,y)>(X,,0), y>0, X,€F.
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Proof. The method which we shall use is well known (cf. Carleson [4, p. 47]).

Let f=m —2+a. For every ¢ >0 there exists a finite union E of closed
(m—1)-dimensional spheres in R™™! so that ES F and C4E)=c¢. Let v be
the equilibrium distribution of total mass ¢ belonging to E and the kernel
r78, ie. the positive measure with total mass ¢, S, = E and

L) = infly(),

where the infimum is taken over all positive measures 7 with S, = E and 7(E) = ¢.
We have Iy(v) = ¢ and, due to the regularity of E,

u)(P) = 1 if PeE.

As ug(P) is identically equal to 1 on S, u is continuous everywhere. In particular
we have

lim uy(P) = 1 if X,€E.
P+ (Xo,0)

Now we consider a sequence of compact sets {F,} where each F,eR™!
is a finite union of (m— 1)-dimensional spheres so that

F,oF,,;oF and Ci(F,)<27", all n.

Let p, be the equilibrium distribution of total mass C4(F,) belonging to F, and r™#
and put u= X, (weak convergence). We define f by

f(P)=uj(P), PeRI.
Then f is infinitely differentiable in RT and

N
liminf f(P) = liminf X ug"(P)= N, all N, when P—(X,,0)€F,
1

which shows that (4.2) is satisfied. Furthermore, we have, if P =(X,y)eR%,

0 du(P') -
’ Hf(x’y)‘ < const. fm, i=1,2,-,m-—1,

‘and analogously for |(8/0y)f(P)|. Hence the integral (4.1) is majorized by a
constant times

T | —E——
RY

and as for instance P'e R™"! we have y*<|P — P’|* which clearly gives that
the integral (4.1) is majorized by a constant times I4(u) . But Ig(p) is finite because
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I(w) < 220‘,0 ZJ‘, ug'(P)du;(P) £ const. § i ui(F;)

j=1 i=1 j=1 i=1
which is finite as
Hence also (4.1) is satisfied which proves Theorem 2.

5. The case when f is harmonic. Theorem 1 asserts the existence of boundary
values of f, except on a certain set, when approaching a point in R™~! along the
normal. Clearly the conclusion of limits remains valid also if we approach R™ !
along half-lines in R} forming an arbitrarily chosen, fixed angle with the
hyperplane R™~!. We may also approach a given point in R™ ! along lines with
different directions and obtain an exceptional set of directions for which there
exist no finite limits. However, for general functions, we cannot assert the exis-
tence of nontangential limits (cf. Carleson [4, p. 54]). On the other hand we shall
prove that f has nontangential limits if f is harmonic in RY.

The function f defined in R} is said to have a nontangential limit A at a
point X,e R™ ! if for every >0,

f(X,y)—> A when y—>0 and (X,y)e V(X,,B8,h).

THEOREM 3. Let 0 <a < 1. Suppose that the function u is harmonic in R%
and that

;.1 J lgradu(X,y)Izy‘dXdy< ©

Q

for all bounded domains Q in RY. Then u has finite nontangential limits for
Xo,€R™ ' except when X, belongs to a certain Borel set E satisfying
Cm—2+a(E) = 0.

For the proof we need two lemmas.

LEMMA 5. Let g be a non-negative measurable function defined in R™ such
that

5.2 Jf g(X,y)dXdy <
Q

for every bounded domain Q in R . Let 0<y<m—1 and let p and h be
two fixed positive numbers. Then

(.3) g(—fr’—y)dXdy <o
V(Xo,8,h)

except when X, belongs to a certain Borel set E in R™™' with L(E)=0
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Proof. Suppose that the set E where the integral (5.3) is infinite satisfies
L(E) > 0.

According to a well-known result (cf. [4, p. 9]) there exists a compact subset F
of E such that L(F)> 0. Furthermore, there exists, according to a result by
Frostman (cf. [4, p. 6]) a non-negative measure u with total mass 1, S, = F and

5.9 u(S) = const. r’

for every m-dimensional sphere S with radius r. We put V(X,) = V(X,,8,h)
and let Y(X,;X,y) denote the indicator of V(X,), i.e. Y(Xqo;X,y)=1 if
(X,y)e V(X,) and Y(X4; X, y) = 0 elsewhere. Then we get, if Q = U xoer V(X0)»

f”f g(X,y)'y"dXdy}du(Xo)

F V(Xo)

!;f {Ff '//(XO;X,y)dp(Xo)}g(X,y).y—vdXdy

[ee]

d#(Xo)}g(X, y)- yrdXdy.
Q | X - Xo| <By

But using (5.4) we see that the last integral is majorized by a constant times the
convergent integral (5.2) which gives a contradiction and therefore we have
L(E)=0.

?

LEMMA 6. Let B'>pB>0, h">h >0 and let q be a function defined in the
interval r >0 which is non-negative, nonincreasing and satisfies

q(r) = AqQ2r), r>0,
for some constant A. Suppose that u is a harmonic function in V(Xy,p',h’)

such that

(5.5) ff Igradu(X,y)l2 < q(»)dXdy < .

V(Xo.8’,h")
Then
Y"*q(»)}"? | gradu(X, )| £ M < o for (X,y)e V(X,,B,h),

where M is a constant only depending on m, p’, B, h’, h, A and the value of
the integral (5.5).

This lemma is proved in [9, p. 146] for a special choice of gq. The proof is
completely analogous in the general case.
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Proof of Theorem 3. In order to avoid some technical complications we shall
prove the existence of nontangential limits inside an arbitrarily chosen m-di-
mensional sphere S having center at the origin and we consider, instead of u,
the function u, = ¢-u where ¢ is infinitely differentiable, has a compact support
and is identically equal to 1 inside S. Then (5.1) is satisfied with u replaced by u,
and Q by R . Hence there exists a non-negative, nonincreasing function g,
defined in the interval r > 0 such that

q,(r) £ Aq,(2r), r >0, for some constant A, q,(r) > o when r—0,
and, finally,
(56) [[emausxnraoyaxdy < o.
RY

Let B and h be two arbitrarily chosen positive numbers. It is enough to prove
the existence of limits of u, inside cones V(X,,B,h). We choose ' > f and
h’>h. Lemma 5 used with

gX,y) = q,(»)|graduy(X, )|?y"
gives, due to (5.6)

4,(y)| graduy(X, y)|?
5.7 0
V(Xo.8",h") y

dXdy < ©

except on a X,-set having (m — 2 + o)-dimensional measure zero and thus, in
particular, except on a set of (m — 2 + «)-capacity zero. From this fact and
Theorem 1 we conclude that it is enough to prove that u, has a finite limit when
we approach a point X, inside V(X,,f,h), where X, is a point in the interior
of S such that, firstly, the integral (5.7) is finite and, secondly, u, has a finite limit
when approaching X, along the normal at X, of the hyperplane R*~!. Let X,
be such a point. According to the triangle inequality it suffices to show that

uo(X,y) — uo(Xo,y) >0 when y—0 and (X, y)e V(Xo,B,h).
But if [ is the line segment between (X, y) and (X,,y) we have
(5:8) | 40(X.3) = uo(Xo0.)| < | X = Xo| sup| gradus(X", )],

and if we use (5.7) and Lemma 6 with

4 = 4, "

we get
y{a:(»}'? | graduy(X,y)| £ M < 0, (X,y) e V(Xo,B,h),

which proves that (5.8) is majorized by
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m- X2 Xol g yrin

which tends to zero when y tends to zero and (X, y) € V(X,, B, h). This proves
Theorem 3.

6. Connection with the generalized area integral. The connection between the
integral (3.1) and the “generalized area integral”

| sradf (X, »)|?

Aa(XO) = ym-l—d

V(Xo.B,h)

dXdy

leads to the following equivalent formulation of the Theorems 1, 2 and 3:

THEOREM 4. Let 0Sa <1, >0 and h> 0 be fixed numbers.
(a) Suppose that f is defined and continuous in R and absolutely continuous
in the same way as in Theorem 1 and that

(6.1) fD A (X)dXy < ©

for every bounded domain D in R™ . Then lim,,,f(X,y) exists and is finite
except when X belongs to a Borel set E with C,_,,(E)=0.
(b) If FeR™ ' is compact and C,_,.(F) =0, then there exists an
infinitely differentiable function f in R} satisfying (6.1) and
f(P)-» + o, P->(X,0), PeR%, XEeF.

(¢) If u is harmonic in R’ and satisfies (6.1), then u has nontangential
limits except on a Borel set having (m — 2 4+ a)-capacity zero.

Theorem 4 is an immediate consequence of the Theorems 1,2 and 3 (compare
the remarks following after Theorem 1) and the following lemma:

LEMMA 7. Suppose we are given a real number a, >0, h >0 and a func-
tion f defined and measurable in R . Then

IA,(Xo)dX 0 < @
D
for all bounded domains D in R™ ' if and only if

fflgradf(X,y)|2y“dXdy< o)
Q

for all bounded domains Q with Q < {(X, y)l 0<y<h}.

This lemma was essentially proved by Stein [9, p. 148 and p. 151] for the case
a =1 without being stated explicitly. The same method of proof is applicable
for a general o.
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7. A general weight function. The above theorems can be generalized by
introducing a more general weight function than y* in (3.1). We shall be con-
tent to state generalizations of the Theorems 1 and 2.

Let p be a strictly positive, finite, nonincreasing function defined for r >0
such that, for some constant a <2

(7.1) p(r) £ ap2r), r>0.
We define the kernel K by

0 irmzs,

K(r) =
* p(®) I
LJ, _t—dt ifm=2,

where, for m = 2, the integral is supposed to be finite if r > 0. Then we have
the following generalization of Theorem 1:

THEOREM 1’. Suppose that f is defined and continuous in RY and absolutely
continuous in the same way as in Theorem 1 and that

1.2) [ esadscx.n Pio))* dxay < o
Q

for all bounded domains Q in R . Then lim,,, f(X,y) exists and is finite
except when X belongs to a certain Borel set E with C(E) =0.

If, furthermore, we assume that p is infinitely differentiable in the interval
r > 0 and that the derivative p’ is nondecreasing if m = 3 we get the following
generalization of Theorem 2:

THEOREM 2’. Let F be a compact set in R™™* with Cy(F)=0. Then there
exists a function f, defined and infinitely differentiable in R, such that the
integral (7.2) is finite for Q =R} and

f(P)» + o, P-(X,0, PeRY, XeF.

The condition (7.1) with a <2 guarantees that

J‘ lp(r)dr <
0

and, due to this fact, the Theorems 1’ and 2’ may be proved analogously to the
Theorems 1 and 2 essentially by throughout changing y* to {p(y)} " and the
kernel r~ ™~ 2%% to the kernel K(r). A new complication in the proof of
Theorem 1’ is the proof of the following version of Lemma 4 which is needed to
prove the new version of Lemma 3:
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LEMMA 4. Let P=(X,y) and let P’ and P"e R" UR™ ', Then

(1.3) f f o Py dXdy < const. K(|P' — P|),

1. 'P” - le—l
where the constant only depends on m and the number a, a <2, occurring
in (7.1).

Proof of Lemma 4'. See Carleson [4, p. 50] for the case m = 2 and
p(r) =r~% The function p causes technical complications in the estimations
similar to those in the estimations on p. 76 in [10]. For that reason we only
sketch the proof of the lemma.

As p is nonincreasing simple considerations show that we may assume that
one of the points P’ and P”, for instance P’, is situated in the hyperplane
R™ 1 and that we then, by introducing P — P’ as the new variable of integration,
may reduce the proof of (7.3) to the proof of

dx
(7.4 f p(|y|)dy f [Pl i[P P < const. K(|P']),

where P =(X,y), P’eR™ UR™ !, (7.4) is proved by dividing the integration
with respect to y into two parts
(@ |y|<2|P’| and
(b |y|z2|P|.
In the case (a) we make the following division of the integration, P = (X, y),

@) {P||P|=|P’|/2},

(@) {P||P-P'| = |P’|/2},

(a3) {P | |P’|/2 |P—P'|>|P'|2, | X|<2|P|},
@4 {P||X|z2|P]},

and in the case (b),

(b1) {P <2|P'|}

(b2) {P 22 P’}

(7.4) is now proved by a systematic use of the facts that p is nonincreasing and
satisfies (7.1) with a < 2. This completes our proof of Lemma 4’.
In the proof of Theorem 2’ we get

K(r)

K'(r)| £ const. —=, r>0,if m=3,
r

from the assumption on the derivative p’. This is used in the estimation of the
integral (7.2) for f= u% with a certain measure p. When m =2 we use the
relation

K - - 20
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We also observe that in the proof of Theorem 2’ the analogue of the meas-
ure u, used in the proof of Theorem 2 is in general not an equilibrium distri-
bution but a so called capacitary distribution of total mass Cg(F,) belonging
to F, and the kernel K. Using known properties (cf. for instance [10, p. 57])
of the K-potential of this capacitary distribution it is easy to complete the proof
of Theorem 2’.
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